NORTH SYDNEY GIRLS HIGH SCHOOL

athematics Extension 2

2015 HSC TASK 3

General Instructions

Reading Time — 2 minutes

Working Time — 55 minutes

Write using black or blue pen

Board approved calculators may be used

A table of standard integrals is provided at
the back of this exam.

Show all necessary working in
questions 6 & 7
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5 Marks

Pages 2-3

e Aftempt Questions 1-5

o Allow about 7 minutes for this section.

36 marks
e Attempt Questions 6 & 7

Pages 4-7

e  Allow about 48 minutes for this section
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Section I
5 marks
Attempt Questions 1-5

Allow about 7 minutes for this section

Use the multiple-choice answer sheet for Questions 1--5.

1. Which pair of equations are the directrices of the hyperbola 16x* —25 ¥y =4007?

25
A =t
) x= 4]
1
B =t
®) s 4]
© x=2¥4
4
(D) x=i-—--——i1

2 2
2. ‘What is the equation of the chord of contact from (5, —2) to the ellipse —J-;-— +y? =17

x 5y
Ay 2L
) 2 16
5z 2y
B ———=]
® 16 9
16 9
Sx y
D — =]
) 53

3. Which expression is equal to j cotx dx?

(A) —cosec’x+C.

(B)  -lIn{cosecx)+C

cot’ x
2

(C) +C

(D) ~In(cosecx+cotx)+C



Given that 2cos 4cos B = cos(A~B)+cos( A+ B), which of the following is equal to

Jcos3xcos4x dx?
1. 1.
(A) —sinx+-—sin7x+C
2 2
(B) lc:os(—x)-;~~}-ncos7x+C
2 14
| 1 .
(€} —smx+—sin7x+C
2 14

(D) mésin(—x) —1—1;si11 Tx+C

Which of the following definite integrals is greater than zero for 0 <a <17

M a -]
(A) tan " x dx
J_, cosx
ki -1
(B) _’sa.uzwl x dx
J_, sin”x
(©) e dx
" sin™! x
®) 1+ x* ax

END OF SECTIONI



Section IT

36 marks

Attempt Questions 6 & 7

Allow about 48 minutes for this section

Answer each question in a NEW writing booklet. Extra pages are available

Question 6 (19 marks)

a) Thepoint P (3secd,tan @) lies on an hyperbola with centre at the origin and major
yp
axis y=0.
(i) Write down the Cartesian equation of the hyperbola.
(i) Find the eccentricity of the hyperbola.
(if) Draw a neat ONE-THIRD page sketch of this hyperbola, showing the
coordinates of the vertices and the foci, as well as the equations of the directrices and

asymptotes.

(iv) Derive the equation of the tangent to the hyperbola at the point P in parametric form.

®) Findjcos3 x sin® xdx

() Find j xtan™ x dx.

2
@ @  Wite 22222 50 he form A BrC
(x—l)(x +1) x-1 x"+1

3x +3x+2

(x-1)(+* +1)dx

(i)  Hence ﬁndJ

dx

Find | ————
©) " J\IS—Sx—fixz

End of Question 6
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Question 7 (17 marks)

n

(a) Evaluate jz ——%:—é- using the substitution ¢ = tang
¢ COS

2 2
(b)  The diagram below shows the variable point P{acosd,bsind)on the ellipse 2—2 +«J32— =1

and the focus S on the positive x-axis.

S

(i)  Find the gradient of the tangent at P in terms of @, b and 6.

™~
B
X

(i) Show that the product of the gradient of SP and the gradient of the
tangent at P is:

COSQ(I—ez)

e—cosf

(iif) If Pis at the end points of the major axis then PS is perpendicular to the tangent at P,

Use part (it) to show that there are no other points on the curve where PS is
perpendicular to the tangent at P.

. . 3
Question 7 continues on the next page.
Xt pag

-5.




Question 7 (Continued)

(¢) Inthe diagram below P (2 p,zj and Q[Zq,-%J are variable points on the rectangular
p q

hyperbola xy =4. M is the midpoint of the chord PQ and the perpendicular distance from
PQ to the origin is fixed at ~/10 units.

oy

Given that PQ has equation x+ pgy = 2( p+ q)
()  Showthat 4(p+q)° =10(1+p’¢*)

(i)  Find the Cartesian equation of the locus of M.
You are not required to consider the restrictions on this locus.



n

(d  Let] =J (1 ——lJ dx for all positive integers n.
1

X
@  Showthat 7, =2y 1
n nx2
(11) It can be shown that:
L= 2: (DO NOT PROVE THIS)
n+l Lo r(r+1)2
Hence find the limiting sum of the series:
1 1 1 1

+ + + +
Ix2x2'  2x3x2% 3x4x2® 4x5x2*

END OF EXAMINATION



STANDARD INTEGRALS

1 .
Jx"dx =™ ps—l; x#0,ifn<0
n+1
(1 . _
~dx =lnx, x>0
Jx
i 1
e dx =~ az0
J a
[ 1
cosaxdx =—ginax, a={
J a
. 1
sinaxdx =——cgosax, a#0
a
[ 1
sectax dx =-—tanax, a=0 .
) a
[ 1
secax tanaxdx =-—secax, a=#0
J ' a
1 I
-ﬁ—-—de =-—tan —, a#0
Ja+x a d’
(1 x
dx =sin1Z, a>0, —a<x<a
JNa®~x* a

1 _
J__-_dx =1n(x+-dx2—a2), x>a>0
Vx*-a?
1 f
_dex mln(x-i— x2+a2)
Vx? +a*

NOTE: Inx=log,x, x>0



Section 1

1. Which pair of equations are the directrices of the hyperbola 16x* —25y* = 400?

25
) H=d Jal 16x2 —25y? = 400 Directrices are:
2 2 a
B x—+—1 LIS X__E
®  x=*7 25 16 S
a’=25 and b’ =16 =t
(©) x:iﬂ 16=25(e’ - 1) 5
4
16 25
—=e"-1 -
(D) co a4 25 ~ e
25 ﬂ:ez
25
A
5
2 2
2. What is the equation of the chord of contact from (5,—2) to the ellipse % +T =1?
X Sy
A ——=—==1
) 2 16
Chord of contact is
®) X, XX KoYy
16 9 9 4
X 2y
© X A 9 4
16 9 Xy
9 2
5x Yy
D ——-==1
(D) 5




Which expression is equal to Icot X dx?

(A)

(B)

©

(D)

—cosec’ x+C

—In(cosec x)+C

cot” X
2

+C

—In(cosec x + cot X)+ C

J.cotxdx:JCOSX dx

sin X
=In(sinx)+C

1 -1
=ln( - j +C
sin X

=1In(cosec X)_1 +C

=—In(cosecx)+C

Given that 2cos Acos B = cos( A—B)+cos( A+ B), which of the following is equal to

(A)

(B)

©

(D)

lsinxjtlsin7X+C

2 2

1 1
—cos(—x)+ﬁcos 7x+C

2

lsinx+isin7X+C
2 14

——sin(—X) —ﬁsin 7Xx+C

Icos3Xcos 4x dx?

Icos3xoos4x dx = %jcos(4x —3X)+cos(4x+3x)

= %jcos(x)+cos(7x)

:%(m(WW}C

:lsinX+Lsin7X+C
2 14

Which of the following definite integrals is greater than zero for 0 <a <1?

(A)

(B)

©

(D)

@ a -1
tan X

dx

cos X

¢ —a

@ a —1
tan X

dx

sin”' x

o —a

) tan~' X tan~' X sin™
Since , — and

CoS X sin”' X 1+X
functions then the integrals for these will all be zero.

X are all odd

2

. 2. .
And since €* is an even function and always
a

positive then I e dx>0

—a




Question 6 (19 marks)
(a) The point P (3 secd, tan 9) lies on an hyperbola with centre at the origin and major

axis y=0 .

(i)  Write down the Cartesian equation of the hyperbola.

2
—(3sec9) —(tan 6?)2 =1

2
2 ol
9 y
(i1) Find the eccentricity of the hyperbola.

XZ

2

EANNRVER |

9 y

a’=9 and b’ =1
1=9(e2—1)

ey

9
0_,

9

e:ﬂ since € >0

(i1)) Draw a neat ONE-THIRD page sketch of this hyperbola, showing the
coordinates of the vertices and the foci, as well as the equations of the directrices and

asymptotes.

3




(iv) Derive the equation of the tangent to the hyperbola at the point P in parametric form.

By differentiating parametrically
X =3secl

%:3se00tan9
deo

y=tan@
ﬂ:seczﬁ
do
dy dy dx
dx do do
_ sec’d
~ 3secOtan @
_ sect
" 3tand

The equation of the tangent is :

secd
—tanf = X—3secd
y —tan 3tan<9( sec )

3ytan@—3tan’ @ = Xxsecd —3sec’
3sec’@—3tan’ @ = xsecd—3ytan b
3(sec2 0 —tan’ 49): xsecd—3ytand

1:Xsec9

—Yytané

(b) FindJ‘cos3 X sin’ x dx

Icos3 X sin’ xdx = Jcos X cos® Xsin> X dx

= _[cos X (l —sin® X)sin5 x dx

=_[c0sx sin’ de—jcosx sin’ xdx

s 6 « 8
sin” X s X
= - +C
6 8

(c) Find j X tan~' X dx

Xtan™ X dx = I%(% xz)tan‘1 x dx

1
2 — 2
=1x’tan"' x - (%x )(szjdx

—_—

I+X
2 —
=1x’tan™ _Lpx +121dx
I+Xx
1
—1y2 Iy~ 11=-
=1x"tan™ X Il 1+)(2dx




3P +3X+2 . A +Bx+C

d i Write ———MM—— the fi
@ ® e (x=1)(x*+1) e T T e 1
3x? +3X+2 __A +BX+C
(x=1)(xX’+1) x-1 X’ +1
_A(x2+1)+(Bx+C)(x—1)
- (x—l)(x2+1)
3x2+3x+2:A(x2+1)+(Bx+C)(x—1)
Let x=1
3+3+2=A(1+1)+0
8=2A
A=4
Let x=0
2=A(0+1)+(0+C)(0-1)
2=A-C
2=4-C
C=2
Let x=-1
3-3+2=A(1+1)+(-B+C)(-2)
2=2A+2B-2C
2=8+2B-4
-2=2B
B=-1
3°+3x+2 8 +—x+2
(x—l)(x2+1) Xx—1 x*+1

3% +3x+2

(x—l)(x2+1)dx

(i)  Hence ﬁndJ

3% +3X+2 dx—J[i+_X+2jdx
(x—l)(x2+1) x—1 x*+1
_J dx + Jx+2

X—1 X +1

:fgdxj de+ —dx
X—1 x> +1 x> +1

:8 —d ——J‘ 2 2—dX
x? +1 X +1

=8In(x- 1)—Eln(x +1)+2tan x+C




dx

Find | ————
© " J\/S—Sx—4x2

r

dx

J dx B
J5-8x—4x*

r

(-

1

=—sinn ———=+C

JO-4(x* +2x+1)
dx
9—4(x+1)2

2J(2) ~(x+1)

L 2(x+1)

3

Question 7 (17 marks)

/4

(a) Evaluate J-E

: o 0
using the substitution t = tanE

0o cos@+2
J'Z do t =tan—
o cos@+2
0 o
—=tan t
e "N
0 “ > +2 1+t -t +2 1+t) f=2tan"'t
d_H_ 2
- 2
j3+t t 1+t
2dt
{ } d 1+t?
\/_ _T
{ 0} When = 2
=—F *— tan”' —
BT 0=0
_ L F_ T
f 6 33

t:tanzz
4

1

t=tan0=0




(b) The diagram below shows the variable point P (acos 6,bsin 9) on the ellipse — +

and the focus S on the positive x-axis.

di

/\

2

Xy’
=1

N

<V

(1)  Find the gradient of the tangent at P in terms of a, b and 6.
x_2+y_2_1 At the Point P (acos#,bsin )
a.Z b* ‘ o dy  b’acosd
gi(fferzentaate Implicitly dx _ a’bsing
—+ —Z—y =0 bcosé
a b* dx mTangent == .

asiné

ydy__x
b>dx  a’
dy_ Px
dx  a’y

(i1))  Show that the product of the gradient of SP and the gradient of the

tangent at P is:

cos Q(I—ez)

e_

cosd

Gradient of PS P(acos#,bsinf) and bsin & bcosé
mPS X m‘l’angent = X— R
S(ae,()) acosf—ae asind
2
_ bsind-0 —_ 2b cos®
S acosf-ae a’*(cosd—e)
__ bsing az(l—ez)cose
acosd—ae - a’ (e—cos0)
(l—ez)cose
- (e— cos 0)




(ii1) If P is at the end points of the major axis then PS is perpendicular to the tangent at P.

Use part (ii) to show that there are no other points on the curve where PS is

perpendicular to the tangent at P.

Let Mpg X mTangent =-1

cosH(l—ez) ~

e—cosd
cos@(l—e2)=cos0—e

—e’cosf=—e
e

(:0s0=—2

e

1

cost =—

e

Since O <e <1 For an ellipse

Then l >1
e

Therefore there are no values for @ where
cosd >1

letting the product of the two gradients be
negative 1 is only valid when neither the tangent at
P nor PS is vertical.

When PS is vertical then
acosd =ae

cos@ =e

Thus the gradient of the tangent m., .. is

not zero, thus the tangent and PS are not
perpendicular.

Thus the only place where the tangent and PS are
perpendicular is at the end points of the major axis

Question 7 continues on the next page.




Question 7 (Continued)

(¢) Inthe diagram below P [2 p,%j and Q(2q,%) are variable points on the rectangular

hyperbola xy =4. M is the midpoint of the chord PQ and the perpendicular distance from
PQ to the origin is fixed at J10 units.

Given that PQ has equation X+ pqy = 2( p+ q)

(i)  Showthat 4(p+q) =10(1+p’q’)

Equation of PQ is X+ pqy:2(p+q)
Then perpendicular distance from PQ to O
d- ax, +by, +c
Ja’+b?
Jio_ 0O (p)(0)-2(p+a)
V() +(pay
04+
2
1+(pq)
4(p+q)2 :10(1+ p2q2)

-10 -



(ii)

Find the Cartesian equation of the locus of M.

You are not required to consider the restrictions on this locus.

The Midpoint M of PQ: 4(p+ q)2 = 1()(1+ pzqz) From part i)
2
2.2 4 =104 1%
2p+2q _P q
X= y= 2.2 2 2
2 2 4x7y" =10y~ +10x
=p+q _P*q 4x’y* —10y* =10x*
Pa ., 10%?
=
- y 4); :10
= — 2 X
Pa Y = s
X
Pq=—
y

n

O
(d) Let I, :J (1——
| X

(1)
Method 1

-l

_n+l
n nx2"

-t
IBE
o

1

Show that I, I

n

" d

oo (30
i
:2(

1
X

1
X

|
[

1
X

L 1

X

X2

1

X

1
X

n-1

2
_ %}-(o)mj 1(1—% dx
2 . X X
2
ERRIEDE
2 . X X
1 ooy 1
() (LT
2 . X X
I”:(zglj +nl, —nl_,
1
In_nln_ n-1 _nlnfl
1
l,(n—1)=nl_, o

Replace n with n—1

-11 -

-

j dx for all positive integers n.

o

n-1
j dx
n-1
j dx
n-1

j dx




1
nhﬂz(n+1ﬂn—5;
| :(n+0| 1
n+l n n n2n
Method 2
r2 1 n 2 X—l n
|- (1——)dx=J(—)dx
J1 X 1 X
r2 n
_ (x—:) .
Ji X
2 n+l
= i (X_l) (Lnjdx
Jldx n+1 X
2 1n+1
| 4 (x=1) (x*ﬁdx
Jldx n+1
__(X_l)nHL_ ) 2(X_1)n+1
| on+l X . N+l
__(X_l)nHL_ n Z(X_l)n+1
| n+l X" | n+l), x™!
B n+l1
_ ((2_1) L”}_(O)P n
n+1 2 n+1
= ! + n |
" (n+1)2" n+1 ™
(n+1)In:§]’F+nln+1
n+1 1
(_]In: n+|n+1
n n2
(n+1j 1
In+1= - In_ n
n n2

-12-



(i1) It can be shown that:
1 e 1

==y — DO NOT PROVE THIS
n+1 ™! ;r(r+1)2r ( )
Hence find the limiting sum of the series:
1 1 1 1
+ + + +
Ix2x2"  2x3x2* 3x4x2® 4x5x2*
Solution
1 1 1 -

+ +
Ix2x2" 2x3x2* 3x4x2? 4><5><24 rzr r+1)2

1 : 1

.. =1 -

n+1 ™ ;r(rﬂ)zr
. 1 1
r:|1_ L

=r(r+1)2 n+1
As N>
1
——>0
n+1
From the Graph below:

For 1<x<?2 0<1—l<1
X

.'.0<(1—lj <1—l
X X

Sy, <1, forall n>1

n+l1

/ /
As n—> o
., —0

n+l

! -+ ! =+ ! T+ ! T+ =1
1x2x2" 2x3x2° 3x4x2° 4x5x2
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